This work aims to explore the 2.8σ discrepancy observed between the BaBar measurement and the Standard Model prediction of the CP asymmetry in τ → K S πν τ decays. Firstly, we reproduce the known CP asymmetry due to K 0 −K 0 mixing by means of the reciprocal basis, which is convenient when a K S(L) is involved in the final state. As the Kπ tensor form factor plays a crucial role in generating an extra direct CP asymmetry that can arise only from the interference of vector and tensor operators, we then present a dispersive representation of this form factor, with its phase obtained in the context of chiral theory with resonances, which fulfills the requirements of unitarity and analyticity. Finally, the τ → K S πν τ decays are analyzed both within a model-independent low-energy effective theory framework and in a scalar leptoquark scenario. It is observed that the CP anomaly can be accommodated in the model-independent framework, even at the 1σ level, together with the constraint from the branching ratio of this decay; it can be, however, marginally reconciled only at the 2σ level, due to the specific relation between the scalar and tensor operators in the scalar leptoquark scenario.
Introduction
As the Kobayashi-Maskawa ansatz [1] for CP violation in the quark sector of the Standard Model (SM) is far too small to explain the observed baryon asymmetry of the universe [2] [3] [4] [5] , we need to look for other sources of CP violation in different ways. This makes CP-violating observables particularly interesting probes of new physics (NP) beyond the SM. In this respect, the hadronic decays of the τ lepton, besides serving as a clean laboratory for testing various low-energy aspects of the strong interaction [6, 7] , may also allow us to explore non-standard CP-violating interactions [8] [9] [10] .
In this paper, we shall focus on the CP asymmetry in τ → K S πν τ decays. After the initial null results from the CLEO [11] and Belle [12] collaborations, a non-zero CP asymmetry was reported for the first time by the BaBar experiment, with the result given by [13] A Q = Γ(τ
where the first uncertainty is statistical and the second is systematic. The subscript "K S "
indicates that the intermediate K S is reconstructed in terms of a π + π − final state with invariant mass around M K and at a decay time close to the K S lifetime. Within the SM, as there is no direct CP violation in hadronic τ decays at the tree level in weak interaction 1 , this asymmetry arises solely from the CP violation in K 0 −K 0 mixing [15, 16] , and is calculated to be [17, 18] 
≈(3.32 ± 0.06) × 10
where K 0 (t) (K 0 (t)) denotes the time-evolved state identified at time t = 0 as a pure K 0 (K 0 ), and the second line is obtained after neglecting the small correction from direct CP violation in K → π + π − decays and when t 1 τ S and τ S t 2 τ L (τ S(L) being the K S(L) lifetime). Such a CP asymmetry was predicted firstly by Bigi and Sanda [17] but with a sign mistake [18] . As emphasized by Grossman and Nir [18] (see also Ref. [19] ), in the calculation of this CP asymmetry, the interference between the amplitudes of intermediate K S and K L is as important as the 1 The direct CP asymmetry generated by second-order weak interaction is estimated to be of order 10 −12 , and can be therefore neglected safely [14] .
pure K S amplitude, and hence the measured CP asymmetry depends sensitively on the decay time interval over which it is integrated. After taking into account the K S → π + π − decay-time dependence of the event selection efficiency, the BaBar collaboration obtained a multiplicative correction factor, 1.08±0.01, for the CP asymmetry, with the resulting experimental data given by Eq. (1.1) and the corresponding SM prediction changed to A SM CP = (0.36 ± 0.01)% [13] . Thus, a 2.8σ discrepancy is observed between the BaBar measurement and the SM prediction and, if confirmed with a higher precision by Belle and/or Belle II [20] , would be a clear NP signal.
Motivated by such an anomaly, possible direct CP violations due to non-standard interactions in τ → K S πν τ decays have been explored in Refs. [21] [22] [23] [24] [25] [26] . As argued in Refs. [21, 24] , due to the lack of a relative strong phase, an explanation with scalar operators is already excluded 2 , and only the interference of vector and tensor operators can provide a possible strong phase difference, leaving new tensor interactions as the only potential NP explanation. Here, whether the tensor interaction is admissible to account for the anomaly or not depends crucially on the Kπ tensor form factor. In Refs. [21, 28, 29] , the tensor form factor was assumed to be a real constant, which is motivated by the analysis of K 3 (K → π ν with = e, µ) data [16] , and the relative strong phase, being now just the phase of the vector form factor, was found to be large enough to produce a sizable CP asymmetry. This assumption was, however, pointed out to be incorrect by Cirigliano, Crivellin and Hoferichter [24] . They demonstrated that, as the same spin-1 resonances contributing to the vector form factor will equivalently contribute to the tensor one, the crucial interference between vector and tensor phases is suppressed by at least two orders of magnitude due to Watson's final-state-interaction theorem [30] , and the amount of CP asymmetry that a tensor operator can produce is, therefore, strongly suppressed [24] .
But the assumption that the inelastic contributions to the phases of vector and tensor form factors are of similar size but potentially opposite in sign [24] has no strong theoretical motivation. Indeed, by employing a more general treatment of the strong phase difference, an effective tensor operator that can account for the CP anomaly has been proposed in Ref. [26] .
In order to obtain sensible constraints on non-standard interactions from τ → K S πν τ decays, the exact distributions of the Kπ form factors, including both their moduli and phases, as a function of q 2 , the invariant mass squared of the Kπ final state, are needed. For the vector and scalar form factors, either the Breit-Wigner parametrisations [31] [32] [33] [34] or the dispersive 2 Although the interference of vector and scalar operators could still contribute to the CP asymmetry due to long-distance QED corrections [27] , the scalar contribution is strongly suppressed and will be of little phenomenological relevance when the constraint from the τ → K S πν τ branching ratio is taken into account [24] .
representations [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] can be used, with the relevant parameters determined via a successful fit to the measured Kπ invariant mass spectrum [31] . For the tensor form factor, however, there exists no experimental data that can guide us to construct it, and we have to rely on theory. While a q 2 -independent tensor form factor or its normalization [45] can be derived from the leading-order chiral perturbation theory (χPT) [46] [47] [48] [49] with tensor sources [50, 51] , we have to get its q 2 dependence by solving numerically the dispersion relation [25, 52] , with its phase obtained in the context of chiral theory with resonances (RχT) [53, 54] . It should be mentioned that the tensor form factors given in Refs. [25, 52] are derived in the lowest chiral order (being O(p 4 ) in the chiral counting [50] ) of RχT and fail to satisfy the unitarity requirement, which could be compensated by including the contributions from the next-toleading order (NLO) χPT Lagrangian with tensor sources. Although the spin-1 resonances can be described equivalently by vector or anti-symmetric tensor fields [53, 54] , it will be shown that the former is more convenient in describing the interactions of tensor currents with the resonances. The unitarity property will also be satisfied automatically when the NLO (being O(p 6 ) in the chiral counting [50] ) terms with the model II prescription [54] are properly taken into account. In this paper, motivated by these two observations and following Refs. [25, 52] , we shall present an alternative dispersive representation of the tensor form factor, with its phase obtained in the context of RχT, which fulfills the requirements of unitarity and analyticity.
Taking as inputs the three-times subtracted (for the vector form factor) [37, 38] and the coupled-channel (for the scalar form factor) [39] [40] [41] dispersive representations, together with our result of the tensor form factor, we shall then analyze the τ → K S πν τ decays both within a model-independent low-energy effective theory framework and in a scalar leptoquark (LQ) scenario [55] . It will be shown that the CP anomaly can be accommodated in the modelindependent framework, even at the 1σ level, together with the constraint from the branching ratio of this decay. In the LQ scenario, however, this anomaly can be marginally reconciled only at the 2σ level, due to the specific relation between the scalar and tensor operators.
Our paper is organized as follows. In section 2, we recalculate the CP asymmetry due to K 0 −K 0 mixing by means of the reciprocal basis, and reproduce the result given in Ref. [18] . In section 3, the τ → K S πν τ decays are analyzed both within the model-independent framework and in the scalar LQ scenario. Section 4 is devoted to the calculation of the Kπ tensor form factor. Numerical results and discussions are then presented in section 5. Our conclusions are made in section 6. For convenience, all the input parameters are collected in the appendix. To discuss the CP asymmetry in τ → K S πν τ decays within the SM, one should firstly notice that the τ + (τ − ) decay produces initially a K 0 (K 0 ) state due to the ∆S = ∆Q rule, and the relevant Feynman diagrams at the tree level in weak interaction are shown in Fig. 1 . As the involved CKM matrix element V us is real and the strong phase must be the same in these two CP-related processes, the transition amplitudes within the SM should satisfy
Due to K 0 −K 0 mixing, on the other hand, the experimentally reconstructed kaons are the mass (|K S and |K L ) rather than the flavour (|K 0 and |K 0 ) eigenstates, which, in the absence of CP violation in the system, are related to each other via [56] 
where ζ is the spurious phase brought about by the CP transformation, CP|K 0 = e iζ |K 0 [56] .
Then, one can get
which, after taken together with Eq. (2.1), would indicate that there exists no CP asymmetry in τ → K S πν τ decays within the SM. Furthermore, the contribution from second-order weak interaction is estimated to be of order 10 −12 , and can be therefore neglected safely [14] .
Once CP violation in K 0 −K 0 mixing [15, 16] is included, however, a non-zero CP asymmetry would appear in τ → K S πν τ decays, as discussed explicitly in Refs. [17, 18] . In order to see this clearly, we shall follow the convention specified in Ref. [56] and recalculate this asymmetry by means of the reciprocal basis [56] [57] [58] [59] [60] [61] [62] [63] . In the presence of CP violation but with the CPT invariance still assumed, the two mass eigenkets are now given by [56] 4) with the normalization |p| 2 + |q| 2 = 1, and the corresponding mass eigenbras read [56] 
Then, the time-evolution operator for the
where 
in which Eq. (2.5) and the ∆S = ∆Q rule have been used to obtain the second line. Then, the complete time-dependent decay width for τ
where Γ =
and ∆m = M L − M S denote the average width and the mass difference of the K 0 −K 0 system, respectively. The CP-violating amplitude ratio η +− is defined as
, with |η +− | = (2.232 ± 0.011) × 10 −3 and φ +− = (43.51 ± 0.05)
• [16] . From
Eq. (2.9) and the corresponding decay width for the CP-conjugated process
(obtained by replacing p and +2|η +− | in Eq. (2.9) with q and −2|η +− |, respectively), one can see that, for the sum of the decay widths, both the interference (the last) and the pure K L (the second) term are suppressed compared to the pure K S (the first term in the bracket)
contribution. For the difference of the decay widths, however, the interference between the amplitudes of K S and K L is found to be as important as the pure K S amplitude [18] .
The time dependence of the decay width in Eq. (2.9) makes the measurement of the CP asymmetry in τ → K S πν τ decays sensitive to the experimental cuts [18] : one has to take into account not only the efficiency as a function of the kaon decay time, but also the kaon energy in the laboratory frame to account for the time dilation. Parametrizing all these experimentdependent effects by a function F (t) [18] , one can write the total CP asymmetry as [21] A
where
as defined in Ref. [21] , 3 Our expression of the decay width is slightly different from that given in Ref. [18] , because the latter corresponds to the time-dependent decay width of K 0 decaying into the 2π system with isospin I = 0, which contains both the π + π − and π 0 π 0 components, 2π,
is reconstructed via the π + π − final state in experiment [13] , one has to use η +− instead of = 
(2.9) and (2.10)) and neglecting all the terms suppressed
, one can finally reproduce the result given in Ref. [18] 4 ,
in which the following approximations [62] 
as well as a particular efficiency function F (t),
have been used. After multiplied by the correction factor 1.08 ± 0.01 adopted by the BaBar collaboration [13] , the SM CP asymmetry is then modified to be (0.36 ± 0.01)% [13] .
3 τ → K S πν τ decays in the presence of NP dynamics
When NP dynamics beyond the SM are present, the direct CP asymmetry A τ CP can be non-zero and hence contributes to the total CP asymmetry A CP (t 1 , t 2 ). As neither the pseudo-scalar nor the axial-vector interaction can produce the Kπ final state due to parity conservation in strong interaction, and the scalar interaction cannot create a non-vanishing direct CP asymmetry due to the lack of the essential strong phase difference, we are left only with the tensor interaction as a possible mechanism [21, 24] . In this section, we shall firstly start with a model-independent low-energy effective Lagrangian which contains all the potential NP operators contributing to τ → K S πν τ decays, and analyze the tensor operator contribution to A τ CP . Then, we shall discuss A τ CP in a scalar LQ scenario, which also contains the relevant operators.
Model-independent analysis
For the strangeness-changing τ + →suν τ decay, the most general model-independent effective
Lagrangian at the characteristic scale µ τ = m τ can be written as [24, 25, 64] 5
where G F is the Fermi constant, and
The effective couplings i parametrize the non-standard contributions and can be generally complex, with the SM case recovered when all i = 0. We have also introduced the notationsˆ i = i /(1 + L + R ) for i = R, S, P, T , with the corresponding quark currents possessing definite parities and being therefore convenient to describe the vacuum to Kπ matrix elements due to the parity conservation [25] . Here we have assumed Lorentz and SU (3) C × U (1) em invariance, and the absence of light non-standard particles when constructing L eff . Right-handed and wrong-flavour neutrino contributions have also been neglected in Eq. (3.1), because they do not interfere with the SM amplitudes.
Starting with Eq. (3.1) and working in the rest frame of the τ lepton, one can then obtain the differential decay width of the decay τ
where (41) is determined most precisely from the analysis of semileptonic kaon decays [68, 69] . S EW = 1.0201(3) encodes the short-distance electroweak correction [70] , and is simply written as an overall constant, although it only affects the SM contribution [25] . Furthermore, we have introduced the following quantities:
3)
Here we have split 
, and the equation of motion is used in Eq. (3.10). The differential decay rate of the CP-conjugated process τ
2) by changing the sign of the term mˆ T , which implies that only this term contributes to the direct CP asymmetry. From the definition of Eq. (2.12), the direct CP asymmetry due to non-standard tensor interaction can be finally written as [24, 25] 
with Γ τ being the total decay width of the τ − lepton, will also be considered.
Analysis in the scalar LQ scenario
In this subsection, we study the direct CP asymmetry in the scalar LQ scenario proposed by Bauer and Neubert [55] , which can generate the required tensor operator and was also proposed to address the R(D ( * ) ), R K , and (g − 2) µ anomalies. In this scenario, only a single TeV-scale scalar φ, transforming as (3, 1, −
) under the SM gauge group, is added to the SM particle content, and its couplings to fermions are described by the Lagrangian [55]
where λ L,R are the Yukawa coupling matrices in flavour space, Q L and L denote the lefthanded quark and lepton doublet, while u R and R are the right-handed up-type quark and
With the SM as well as the tree-level φ-mediated contributions included, the resulting effective Hamiltonian governing the τ → K S πν τ decays can be written as
where C V , C S and C T are the Wilson coefficients of the corresponding operators at the matching scale µ φ = M φ , and they are given, respectively, as [55, 71] 
these Wilson coefficients should be evolved down to the characteristic scale µ τ = m τ . While the vector current is conserved and hence the corresponding Wilson coefficient is scale independent, the evolution of the scalar (C S ) and tensor (C T ) Wilson coefficients at the leading logarithmic approximation can be written schematically as [72] 16) with the corresponding evolution functions R S,T (µ τ , µ φ ) given by
is the leading-order coefficient of the QCD beta function, with n f being the number of active quark flavours, and γ S = −8 [73] and γ T = 8/3 [74] are the leading-order anomalous dimensions of the scalar and tensor currents, respectively.
Matching the relevant terms of the effective Hamiltonian (Eq. (3.14)) with that of the model-independent effective Lagrangian (Eq. (3.1)) at the same scale µ τ = m τ , we get
Due to the specific relation C S (µ φ ) = −4 C T (µ φ ) at the matching scale µ φ = M φ , we are actually left with only one effective couplingĈ T in the scalar LQ scenario. This feature makes a sensitive difference compared to the model-independent case, as will be discussed later.
Form factors in τ → K S πν τ decays
To set bounds on the non-standard interactions, one needs to have a precise knowledge of the Kπ form factors introduced in Eqs. (3.9)-(3.11). To this end, one of the most appropriate approaches is the dispersive representation of these form factors, which warrants the properties of unitarity and analyticity, and satisfies the QCD asymptotic behaviours [75] [76] [77] . In this section, we shall firstly recapitulate the Kπ vector and scalar form factors, and then present a calculation of the tensor form factor in the context of χPT and RχT.
Brief review of the vector and scalar form factors
For the normalized vector form factor, we shall adopt the optimal three-times subtracted dispersion relation [37, 38 ]
where one subtraction constant is fixed by F + (0) = 1, and the other two λ + and λ + describe respectively the slope and curvature ofF + (s) when performing its Taylor expansion around s = 0, and hence encode the dominant low-energy behaviour ofF + (s). These two parameters can be determined by the following spectral sum rules [78] :
where the form-factor phase δ + (s) can be obtained in the context of RχT with two vector resonances K * (892) and K * (1410) [35] [36] [37] [38] . Notice that, in the elastic region below roughly 1.2 GeV, the phase δ + (s) equals the scattering phase δ 1/2 1 (s) of the Kπ system with spin-1 and isospin-1/2, as required by Watson's final-state interaction theorem [30] . The cut-off s cut introduced in the dispersion integrals is used to quantify the suppression of the higher-energy part of the integrand, and the stability of the results has been checked by varying s cut in the range m τ < √ s cut < ∞ [37, 38] .
Detailed information on the Kπ vector form factor can also be obtained from the measured τ → K S πν τ spectrum [31] . This is, however, possible only for the modulus but not for the phase, as the extraction of the latter requires a fit function that preserves the analytic structure of the form factor. Indeed, the phase fitted via a superposition of Breit-Wigner functions with complex coefficients cannot be physical, as it does not vanish at threshold and violates Watson's theorem long before the K * (1410) resonance starts to play an effect [24] . Thus, one cannot rely on the formalism developed in Ref. [31] to study the CP asymmetry in τ → K S πν τ decays.
For the scalar form factor, a thorough description that takes into account analyticity, unitarity, the large-N C limit of QCD, as well as the couplings to the Kη and Kη channels has been presented in Ref. [40] and later updated in Refs. [41, 79, 80] . Here we shall employ such a coupled-channel dispersive representation, with the relevant numerical tables obtained via a combined analysis of the τ
Calculation of the Kπ tensor form factor
Unlike for the vector and scalar form factors, there exists no enough experimental data to guide us to construct the tensor form factor, and we have to rely on theory to perform this task. In this subsection, following Refs. [25, 52] , we present a new calculation of the tensor form factor.
Result at the lowest chiral order of χPT with tensor sources
When the external tensor fieldt µν = 
where · · · denotes the trace in flavour space and, among the four operators, only the one with coefficient Λ 2 contributes to the τ → K S πν τ decays. The building blocks t 
This, together with Eq. (3.11), fixes
at the lowest chiral order in χPT. Although the value of the coupling Λ 2 cannot be inferred from symmetry argument or fixed from phenomenology, we can fortunately resort to the lattice result, F T (0) = 0.417(15) [83] , to determine Λ 2 = 11.1 ± 0.4 MeV, which is consistent within errors with that quoted in Refs. [16, 52, 84, 85] for the ππ channel 7 . We shall use this value of Λ 2 in our numerical analysis.
Including the spin-1 resonances in the context of RχT
As the invariant mass squared s in τ → K S πν τ decays varies from the Kπ threshold s Kπ up to m 2 τ , contributions to the form factors from light resonances, giving therefore the s dependence of the form factors, should also be included for a refined analysis. As the spin-1 resonances can be described equivalently by vector or anti-symmetric tensor fields [53, 54] , the same resonances that contribute to F + (s) will also appear in F T (s). To discuss the chiral couplings of these resonances to the pseudo Goldstone fields in the presence of tensor currents, we shall use the more conventional vector representation of these spin-1 degrees of freedom, named as model II in Ref. [54] . Explicitly, the RχT Lagrangian that is linear in the octet vector fieldV µ and contains the couplings to the tensor source at the lowest chiral order can be constructed as [54] 
with the kinetic spin-1 part given by [54] 
whereV µν = ∇ µVν − ∇ νVµ , with the covariant derivative defined by
which are associated with the non-abelian external fields l µ and r µ , respectively. The last term in Eq. (4.6) is added to describe the interaction between spin-1 vector resonances and external tensor fields. The three couplings f V , g V and f T V are all real and given, respectively, as [54] 
with the first two resulting from the equivalence of models I and II for the spin-1 resonances [54] , while f T V to be determined from the one-particle to vacuum matrix element [86] . With Eq. (4.6) at hand, the effective action S II for a single vector meson exchange can then be written as [54] 
where the anti-symmetric current J µν II and the resonance propagator ∆ II µν,ρσ are defined, respectively, as [54] 
(4.11)
From the effective action S II given by Eq. (4.9), one can easily derive the contribution to the Kπ tensor form factor due to the exchange of the lightest vector resonance K * (892) [25, 52] .
Including the lowest-order χPT contribution given by Eq. (4.5), one then obtains the Kπ tensor form factor The contribution from the heavier vector resonance K * = K * (1410) can be included within
RχT in the spirit of large N C limit [87] . Accordingly, Eq. (4.12) should be changed to
where g V and f 
Analogous to the vector form factor with the same two resonances included [37] , the tensor form factor given by Eq. (4.13) can also be rewritten as
where the mixing parameter, β = − √ 2f
, is introduced to characterize the relative weight of the two resonances, and plays the same role as the parameter γ does for the vector form factor [37] . Although the parameter β cannot be determined directly from data for the moment, we can estimate it from the fitted value of γ with a three-times subtracted dispersion relation for the vector form factor [37, 38, 42] . To this end, one needs firstly find out the relation between the RχT couplings f 
exists for the whole J P C = 1 −− excited states [86] . While ξ K * is now confirmed to be positive [88] [89] [90] [91] [92] , the sign of ξ K * still can not be determined. Keeping both of these two possibilities, one can then derive the relation where both positive and negative signs of ξ K * will be considered in this paper.
As in the case of the vector form factor [35, 37] , the denominator in Eq. (4.14) should be modified by including the energy-dependent width γ n (s) (proportional to the imaginary part of the one-loop contribution in the context of χPT [35, 48, 49] ) and also by shifting the pole mass (due to the real part of the loop contribution) of the resonances, as required by analyticity [52] .
After factoring out the normalization F T (0) at s = 0, one arrives at the reduced tensor form
, which is given explicitly as 18) with the normalization F T (0) and the denominator D(m n , γ n ) defined, respectively, as
Here the parameters m n and γ n denote respectively the unphysical mass and width, to be distinguished from the physical mass M n and width Γ n obtained from the pole position in the complex s-plane [35, 37] . Explicit expressions for the one-loop functionH Kπ (s), the energydependent width γ n (s), and the dimensional constant κ n can be found in Refs. [35, 37] .
Our result ofF T (s) given by Eq. (4.18) is quite similar to that of the reduced vector form factorF + (s) obtained in Ref. [37] , except for the different normalization factors and the different relative weight parameters characterizing the inelastic contributions. In the elastic region below roughly 1.2 GeV [37] , one needs to set β = γ = 0 and hence obtainsF T (s) =F + (s), which then implies that δ T (s) = δ + (s), as required by the unitarity relation and the fact that the K * (892) resonance is described equivalently by a vector or an anti-symmetric tensor field [53, 54] . Furthermore, according to Watson's final-state interaction theorem [30] , the phases of both F + (s) and F T (s) in the elastic region should coincide with the P -wave Kπ phase shift
In such a case, no direct CP asymmetry in τ → K S πν τ decays will be predicted due to the lack of strong phase difference between vector and tensor form factors [24] . Beyond the elastic region, however, a non-zero strong phase difference can be generated due to the different relative weight parameters in these two form factors, as will be shown in the next subsection.
Dispersive representation of the tensor form factor
In order to connect all the information on the form factors inferred from χPT at low energies, from the resonance dynamics in the intermediate energy region (O(1 GeV)), as well as from the short-distance QCD properties in the asymptotic regime [75] [76] [77] , we can resort to the dispersive representation of the form factors, which fulfills the analyticity and unitarity requirements [93] [94] [95] and, at the same time, suppresses the less-known higher-energy contributions [37, 38] .
In the elastic region below roughly 1.2 GeV, the dispersion relation for the vector and tensor form factors admits the well-known Omnès solution [24] 21) with the Omnès factor [96] given by 22) where the relation δ T (s) = δ + (s) = δ 1/2 1 (s) in the elastic region has been used. As Watson's final-state interaction theorem is no longer valid starting from the threshold of inelastic states (most notably Kππ [24] ), one must find a sensible way to determine the strong phase difference in the inelastic region, to predict a non-zero direct CP asymmetry in τ → K S πν τ decays. In this regard, our expression ofF T (s) given by Eq. (4.18) and that ofF + (s) given by Eq. (4.1) in Ref. [37] are advantageous, because they remain valid even beyond the elastic approximation and the two form-factor phases can be calculated from the relations [35, 37, 42] 23) in which the inelastic effects are indicated by the mixing parameters β and γ, respectively.
It should be noted that the form-factor phases given by Eq. (4.23) are valid only in the τ -decay region s Kπ < s < m 2 τ . For the higher-energy region, these phases become unknown, but should be guided smoothly to π (modulo 2π) according to the asymptotic behaviour of the form factor at large s [75] [76] [77] . Our ignorance of the form-factor phases at relatively higher energies also makes the numerical implementation of the dispersive integrals sensitive to the choice of the cut-off s cut . For the vector form factor, once the three-times subtracted dispersion representation (see Eqs. (4.1)) is adopted, the impact of these drawbacks would be marginal, implying that the higher-energy contribution is well suppressed [37, 38, 42] . For example, an input with a larger error band, δ + (s) = π ± π, at s ≥ s cut has been assumed in Ref. [78] , but the use of a three-times subtracted dispersion relation makes the integrand converge rapidly, and hence the result becomes almost insensitive to this large error assignment. Furthermore, the optimal choice with three subtractions realizes a subtle cancellation between the subtraction terms and the one coming from the dispersive integral, guaranteeing that the vector form factor vanishes as 1/s asymptotically [75] [76] [77] and the fit result is stable when s cut varies in the range m τ < √ s cut < ∞ [37, 38] . It is also demonstrated that the choice s cut = 4 GeV 2 is preferred, because such a cut-off is, on the one hand, large enough to not spoil the a priori infinite interval of the dispersive integral and to avoid the spurious singularity effect generated at s = s cut and, on the other hand, low enough to give a good description of the form-factor phase within the interval [97] . Due to the lack of precise low-energy information on the tensor interaction, however, one cannot apply these strategies to the tensor form factor [25, 52] . Consequently, we shall simply use the once-subtracted dispersive representation [24, 25, 52 ] 24) together with the following simple model for the phase δ T (s) [98] : 25) where the phase is now made explicit even in the inelastic region, instead of the assumed relation δ T (s) = −δ + (s) in the same region [24] , which has no strong theoretical motivation [26] . We also introduce the quantity n T , with its deviation from unit, to account for our estimate of the uncertainty resulting from the higher-energy contributions. In addition, the default choice with s cut = 4 GeV 2 and δ T (s) = π for s > s cut will be assumed in our numerical analysis.
To estimate the systematic uncertainty associated with our model for the tensor form factor, we proceed as follows 10 : by fixing n T = 1 to see the sensitivity of the modulus of the normalized tensor form factor with respect to s cut , with the three choices s cut = m 2 τ , 4 and 9 GeV 2 , and by fixing s cut = 4 GeV 2 to see the sensitivity with respect to n T , with the three choices n T = 1, 1.3 and 0.7. Our numerical results with β = +0.75γ (the case with β = −0.75γ is quite similar) are shown in Fig. 3 , from which it can be seen that, in our model, the modulus of the normalized tensor form factor is almost insensitive to the choice of the cutoff s cut when fixing n T = 1, while it becomes rather sensitive to the choice of n T when fixing s cut = 4 GeV 2 , especially in the higher-energy region. This implies that the once-subtracted dispersive representation is not optimal, as is generally expected. But the lack of measurements sensitive to the tensor form factor makes it impossible to increase the number of subtractions for the moment. from the second resonance [24] . It is also observed that, unlike in the case of the vector form factor, the modulus of the tensor form factor is almost unaffected by the inelastic effect, and is therefore similar to that obtained with Ω(s). The inelastic effects on the form-factor phases are, however, rather significant, and a strong phase difference in the inelastic region is indeed obtained, especially in the β = −0.75γ case. This is crucial for resolving the CP anomaly observed in τ → K S πν τ decays, as will be discussed in the next section.
Numerical results and discussions
In this section, we start to discuss the numerical effects of the two NP scenarios introduced in section 3 on the branching ratio B(τ − → K S π − ν τ ) and the CP asymmetry A CP (τ → K S πν τ ).
For each observable, the theoretical uncertainties are obtained by varying each input parameter within the corresponding range and then adding the individual errors in quadrature [99] [100] [101] [102] .
Results in the model-independent framework
As the τ − →K 0 π − ν τ decay width, which is obtained by integrating Eq. (3.2) over the invariant mass squared s within the kinematic regime s Kπ ≤ s ≤ m 2 τ , depend on the non-standard scalar and tensor interactions, it could also set bounds on these effective couplings [21] [22] [23] [24] [25] [26] . In order to enhance the sensitivity to these non-standard interactions, we introduce the observable ∆ [25] , [25] . However, since only the imaginary part contributes to the direct CP asymmetry, its non-zero value is crucial in determining the observable A CP (τ → K S πν τ ).
For the CP asymmetry A CP (τ → K S πν τ ), the following subtle points should be clarified [13, 26] . As the signal channel τ
is contaminated by the two background
, the measured decay-rate asymmetry, A = (−0.27 ± 0.18 ± 0.08)%, by the BaBar collaboration [13] is actually related to the signal asymmetry A 1 as well as the two background asymmetries A 2 and A 3 by [13]
where f 1 , f 2 and f 3 denote the fractions of the channels C1, C2 and C3 in the total selected sample, with the corresponding numbers given in 6) where the SM prediction A SM CP = (0.36 ± 0.01)% is obtained after taking into account the K S → π + π − decay-time dependence of the event selection efficiency [13] . Combing A SM CP with the measured decay-rate asymmetry A, we can therefore obtain constraint on A NP 1 , and then on the non-standard tensor coupling.
We now apply the observable ∆ to put constrains on the non-standard scalar and tensor interactions. Since the effective couplingsˆ S andˆ T are both considered to be complex, there are four degrees of freedom, eˆ S , mˆ S , eˆ T and mˆ T , at our disposal. Combining our prediction for the branching ratio,
with the experimental result measured by the Belle collaboration [103] ,
we obtain the allowed regions, ∆ ∈ [−0.07, 0.05] and ∆ ∈ [−0.12, 0.10], by varying both the theoretical and experimental uncertainties at 1σ and 2σ, respectively. To set bounds on one of the couplingsˆ S andˆ T , we shall assume the other to be zero, and our final results are shown in Fig. 6 for both the β = +0.75γ and β = −0.75γ cases. It can be clearly seen that, under the constraint from the observable ∆, the allowed region ofˆ S is larger than that ofˆ T , which is consistent with our previous observation that a slightly larger sensitivity to the tensor than to the scalar contribution is preferred by the branching ratio. It is also observed that, while the imaginary parts of the allowed regions of bothˆ S andˆ T are nearly symmetric about the axes, the real parts are not symmetric, with the preference eˆ S < 0 and eˆ T > 0.
As only the interference between vector and tensor operators can provide a potential NP explanation of the CP anomaly observed in τ → K S πν τ decays, we now focus on the tensor couplingˆ T . To check if the region ofˆ T allowed by the branching ratio is compatible with that required by the CP asymmetry, we now add the constraint from the measured decay-rate asymmetry A [13] , with our final results shown in Fig. 7 for both the β = ±0.75γ cases. One can see that in both of these two cases, there exist common regions of the tensor couplingˆ T that can accommodate both the branching ratio B(τ − → K S π − ν τ ) and the CP asymmetry A CP (τ → K S πν τ ) simultaneously, even at the 1σ level. It is also observed that the β = −0.75γ case is preferred, in which a larger allowed regions ofˆ T is obtained due to the slightly larger phase difference between vector and tensor form factors, as mentioned in the last section.
Within our framework, the effective tensor operator given by Eq. (3.1) contributes only to the τ → K S πν τ decays, and is not correlated with other operators. This is contrary to what is assumed in Ref. [24] , in which a demand of SU(2) invariance of the weak interactions naturally relates the tensor operator relevant for τ → K S πν τ to the neutral-current tensor operator relevant for the neutron electric dipole moment and the D −D mixing. This brings the tensor coupling required by the CP asymmetry A CP (τ → K S πν τ ) in conflict with the bounds from these two observables, leading to the claim that it is extremely difficult to explain the CP anomaly in terms of ultra-violet complete NP scenarios [24] . Such a conclusion has also been challenged by a recent analysis [26] , in which a renormalizable model of flavour symmetries that yields the desired effective tensor operator has been proposed. information on the measured decay spectrum has already been fully utilized [37, 38, 42] . As only the τ → K S πν τ decays are considered in this paper, our bounds on the effective couplingŝ S andˆ T are specific only to the tau lepton. To compare these bounds with those obtained from (semi-)leptonic kaon decays that involve only electron and muon flavours [104] , one needs to assume (at least) the lepton-flavour university, which is, however, hinted to be violated by the current data on B-meson decays; see Refs. [105] [106] [107] [108] and references therein for recent reviews.
Under the assumption of lepton-flavour universality, our bounds on the scalar and tensor couplings would be not competitive with that obtained in Ref. [104] , due to the larger systematic theory uncertainty inherent to the current framework for hadronic τ decays, especially in the inelastic region. It is also noted that only the real parts of the effective couplings are obtained in Ref. [104] , because all the observables considered there are CP-even. The conservative range, −0.04 e s T 0.04, derived from the K 3 data [104] is actually overlapped with our 1σ range in the β = −0.75γ case, while the overlapped region exists only at 2σ in the β = +0.75γ case.
Results in the scalar LQ scenario
In the scalar LQ scenario, due to the specific relation C S (µ φ ) = −4 C T (µ φ ) at the matching scale µ φ = M φ , we are actually left with only one effective couplingĈ T , and more severe constraint on it is therefore expected than in the model-independent case. Referring to Eq. (3.18) and by fixing M φ = 1 TeV and µ τ = m τ , one obtainsĈ S −9.84Ĉ T at the µ τ scale. This implies that the scalar contribution is enhanced relative to that from the tensor operator in such a scenario. Under the constraints from the branching ratio B(τ − → K S π − ν τ ) and the CP asymmetry A CP (τ → K S πν τ ), our final allowed regions ofĈ T are shown in Fig. 8 . One can see that there is no common region allowed simultaneously by these two observables at the 1σ level, and only a small region is allowed in the β = −0.75γ case at 2σ. This indicates that the scalar LQ scenario can hardly account for the observed CP anomaly under the constraint from the measured branching ratio, except for the marginal region obtained in the β = −0.75γ case at the 2σ level.
Conclusion
In this paper, motivated by the 2.8σ discrepancy observed between the BaBar measurement and the SM prediction of the CP asymmetry in τ → K S πν τ decays, we have studied this observable within the model-independent low-energy effective theory framework and in the scalar LQ scenario, both of which contain a non-standard tensor operator that is necessary to produce a non-vanishing direct CP asymmetry in the decays considered. Our main conclusions are summarized as follows:
• By employing the reciprocal basis, which is found to be most convenient when a K S or K L is involved in the final state, we have reproduced the known CP asymmetry due to K 0 −K 0 mixing, as predicted firstly by Bigi and Sanda [17] and then corrected by Grossman and Nir [18] .
• As the Kπ tensor form factor plays a crucial role in generating an extra direct CP asymmetry that can arise only from the interference of vector and tensor operators, we have presented a new calculation of this form factor in the context of χPT with tensor sources and RχT with both K * (892) and K * (1410) included. For these spin-1 vector resonances,
we have used the more conventional vector representation instead of the description based on anti-symmetric tensor fields. A once-subtracted dispersive representation of this form factor has also been presented, which naturally fulfills the requirements of unitarity and analyticity. Our expression of the tensor form factor is advantageous, because it remains valid even beyond the elastic approximation, with its phase made explicit even in the inelastic region, rather than the specific assumptions made in Refs. [24, 26] .
• Adopting the three-times subtracted (for the vector form factor) and the coupled-channel (for the scalar form factor) dispersive representations, together with our result of the tensor form factor, we have performed a detailed analysis of the τ → K S πν τ decays, both within the model-independent low-energy effective theory framework and in the scalar LQ scenario. It is observed that the CP anomaly can be accommodated in the model-independent framework, even at the 1σ level, together with the constraint from the measured branching ratio of this decay. In the LQ scenario, however, this anomaly can be marginally reconciled only at the 2σ level, due to the specific relation between the scalar and tensor operators.
As both the theoretical predictions and the experimental measurements are still plagued by large uncertainties, more refined studies, especially the information on the Kπ tensor form factor in the inelastic region as well as the dedicated measurements of τ → K S πν τ decays from the Belle II collaboration [20] , are expected.
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Appendix: Input parameters
In this appendix, for convenience, we collect in Table 1 all the input parameters used throughout this paper. For further details, the readers are referred to the original references. 
